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What is odd f (Berezinskii) 
pairing

• Ubiquitous pairing state requires time component

• Odd f state in Josephson junction

• Dynamic order

• Composite pairing – Cooper + boson

• No Go Thm for Eliashberg framework

• Present in Majorana systems

• Topological

J. Linder, AVB, 
Odd F SC
RMP (2019)



Symmetry of the Pairing Correlator
The superconducting  anomalous pairing function is : 

. Due to Fermi statistics

spin-singlet s-wave  or  spin-triplet p-wave

The pair correlation can also be odd in time/frequency: [1]

Odd-frequency spin-singlet p-wave or spin-triplet s-wave

orbital

spin

[1]: Berezinskii, JETP Lett. 20, 287 (1974)
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Why odd frequency state is interesting: 

• Why 1974- Superfluid He3

• Correlated states: Satisfies no double occupancy constraints

• Superconducting spintronics

• Dynamic order in driven and dissipative systems

• Topology of Odd f – Zero ABS- Majorana state
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Prelim I: define

• 𝑆 Δ𝛼𝛽 𝑎𝑏 𝑟, 𝑟′|𝜏, 𝜏′ 𝑆−1 = Δ𝛽𝛼 𝑎𝑏 𝑟, 𝑟′|𝜏, 𝜏′

• 𝑃∗ Δ𝛼𝛽 𝑎𝑏 𝑟, 𝑟′|𝜏, 𝜏′ 𝑃∗−1 = Δ 𝛼𝛽 𝑎𝑏 𝑟′, 𝑟|𝜏, 𝜏′ - coordinate permut

• 𝑇∗ Δ𝛼𝛽 𝑎𝑏 𝑟, 𝑟′|𝜏, 𝜏′ 𝑇∗−1 = Δ 𝛼 𝛽 𝑎𝑏 𝑟′, 𝑟|𝜏′, 𝜏 - time permut

• 𝑂 Δ𝛼𝛽 𝑎𝑏 𝑟, 𝑟′|𝜏, 𝜏′ 𝑂−1 = Δ 𝛼 𝛽 𝑏𝑎 𝑟′, 𝑟|𝜏′, 𝜏

• Rewrite as S – spin indices permutation, P*- space permutation, T* -
time permutation, O- orbital index permutation

• SP*OT* Δ = - Δ



Prelim II
Not a time reversal !

𝑡1 𝑡2 𝑡

𝑡2 𝑡1 𝑡

Ber state does not have to break time reversal



Classification of Pairing states

𝑃𝑂
𝑎𝑏 𝑟, 𝜏 = 𝒯𝑂𝑎 𝑟, 𝜏 𝑂𝑏 0,0 ≠ 0• Pairing state: 

𝑂𝑎: fermions, bosons, spins, …



𝑃𝑂
𝑎𝑏 𝑟, 𝜏 = 𝒯𝑂𝑎 𝑟, 𝜏 𝑂𝑏 0,0 ≠ 0• Pairing state: 

𝑂𝑎: fermions, bosons, spins, …

• Statistics demands product of SP*T* = -1 for fermion, (O = +1)

𝑃𝑎𝑏 𝑟, 𝜏 = −𝑃𝑏𝑎(−𝑟,−𝜏)

Classification of Pairing states



𝑃𝑂
𝑎𝑏 𝑟, 𝜏 = 𝒯𝑂𝑎 𝑟, 𝜏 𝑂𝑏 0,0 ≠ 0• Pairing state: 

𝑂𝑎: fermions, bosons, spins, …

• Statistics demands product of SP*T* = -1 for fermion, (O = +1)

𝑃𝑎𝑏 𝑟, 𝜏 = −𝑃𝑏𝑎(−𝑟,−𝜏)

𝑃𝑎𝑏 𝑟, 𝑟′ 𝜏, 𝜏′ =< 𝑇𝑂𝑎 𝑟, 𝜏 𝑂𝑏 𝑟′, 𝜏′ >

𝑃𝑎𝑏 𝑟, 𝑟′ 𝜏, 𝜏′ = ±1 𝐵,𝐹𝑃𝑏𝑎 𝑟′, 𝑟 𝜏′, 𝜏

• Allow same classification for Bosons and Fermions
• no translational invariance in time,  space 
• connect to time crystals and odd f in driven driven systems

Classification of Pairing states



8 fold classification 

SP*OT* = -1

Dynamic order



8 classes of SC (BCS vs Berezinskii)
- - - - - - - - -

S - - - - + + + +

P* + + - - - - + +

O + - + - + - + -

T* + - - + + - - +

BCS
S 
wave

BCS
P 
wave

SP*OT*  = -1, S^2=P*^2=T*^2=O^2 = +1 -> 2^4 possibilities, ½ consistent with (-1) ->  8 fold possible pairings



Realizations of Ber pairing



Design principles for Ber state in heterostructures

- - - - - - - - -

S - - - - + + + +

P* + + - - - - + +

O + - + - + - + -

T* + - - + + - - +

BCS
S 
wave

BCS
P 
wave

Scattering in SC/FM heterojunction

singlet SC FM



Experimental Evidence: Sc/FM 

R. S. Keizer, S. T. B. Goennenwein, T. M. Klapwijk, G.

Miao, G. Xiao, and A. Gupta, Nature (London) 439, 825

(2006).



Related: 3He Superfluid example



- - - - - - - - -

S - - - - + + + +

P* + + - - - - + +

O + - + - + - + -

T* + - - + + - - +

BCS
S 
wave

BCS
P 
wave

In JJ, all odd in tunneling T processes, L-R odd

L,R

𝐹𝐿𝐿 𝐹𝑅𝑅



𝐹𝐿𝐿 𝐹𝑅𝑅

Left, right lead distort due
to pair tunneling

In Josephson description Cooper pairs are not broken: 

only LL and RR pairs are allowed: S = -1, P* =  +1, T * = +1, O = +1,

Odd F in Josephson effect



𝐻 = 𝐻0 + 𝑇 

𝑠𝑝𝑖𝑛,𝑘,𝑘′

𝑐𝐿
∗ (𝑘)𝑐𝑅(𝑘

′) + ℎ. 𝑐.

𝐹𝐿𝐿 𝐹𝑅𝑅

Odd frequency anomalous pair in JJ = pair fractionalization! 
Pairs are separated across

𝐹𝐿𝑅 𝜔 = 𝜔 ΤΔ𝐿 − Δ𝑅 𝐷𝐿 𝐷𝑅 ~ 𝜔 |Δ|sin[(𝜙𝐿 − 𝜙𝑅)/2

𝐹𝐿𝑅 𝜔

Odd f, odd L-R: S = -1, P* = +1, T* = -1, O = -1, 

SP*OT* = -1 

Odd F in Josephson effect



Finite T = 0 
Spin susceptibility T=0
In s-wave SC!

𝜒𝐿𝑅 =< 𝑆𝐿𝑆𝑅 > |𝜔┤0 ∼ T2Δ sin 2𝜙𝐿𝑅 ∼ 𝐼𝐽
2

𝐹𝐿𝑅 𝑡 = 𝜋2𝑁0
2TΔ𝑒

𝑖𝜙𝐿+𝑖𝜙𝑅
2 sin 2𝜙𝐿𝑅 𝑒𝑖Δ𝑡 1804.07244, 

RMP v91, 045005(2019) 

Observables



S-N junction induction of odd f SC

Take F_RR = 0

On site 𝐹𝐿𝑅 𝜔 = 𝑖𝜔 Δ𝐿/(𝜔
2 + Δ𝐿

2)

Berezinskii state in N/S junction!

normal STM tip + SC

SC N

SC N



Dynamic induction of Ber pairing

𝑐𝜎 𝑡 = 𝑐𝜎 exp−
𝑡

𝜏𝜎
, 𝜎 = ↑, ↓Consider spin  decay 

Pair fields: Δ𝑠 𝑡 = 𝑐↑(𝑡)𝑐↓ − ↑↔↓= 𝑒
−
𝑡
𝜏↑ + 𝑒

−
𝑡
𝜏↓ 𝑐↑𝑐↓ ∼ 𝑐ℎ(𝑡 𝜏↑ − 𝜏↓ )

Δ𝑡 𝑡 = 𝑐↑(𝑡)𝑐↓ + ↑↔↓ = 𝑒
−
𝑡
𝜏↑ − 𝑒

−
𝑡
𝜏↓ 𝑐↑𝑐↓ ∼ 𝑠ℎ(𝑡 𝜏↑ − 𝜏↓ )

t

Δ𝑠 𝑡

Δ𝑡 𝑡

S. Bandyopadhay, preprint (2021)
J. Linder, AVB, RPM (2019)

Ber is universally present in dynamics: 
• Scattering – heterostructures  FM/SC
• Floquet
• Pump
• Non Eq steady state - JJ
• Dissipation



Odd F Berezinskii as a dynamic order
Order/state Static orders

X tal X tal

𝜌 𝑟1𝑟2 = 𝑐∗ 𝑟1 𝑐 𝑟2 = 𝜌 𝑅
= 𝐴 cos(𝑄𝑅)

SC SC:P-wave, d-wave 

Δ𝛼𝛽 𝑟1𝑟2 = 𝑇𝑐𝛼 𝑟1 𝑐𝛽 𝑟2 =

Δ𝛼𝛽 𝑟 = 𝐴 sin(𝑄𝑟)

𝑅 = 𝑟1 + 𝑟2,
𝑟 = 𝑟1 − 𝑟2



Odd F Berezinskii as a dynamic order
Order/state Static orders Dynamic orders

𝑇 = 𝑡1 + 𝑡2
𝑡 = 𝑡1 − 𝑡2

X tal X tal

𝜌 𝑟1𝑟2 = 𝑐∗ 𝑟1 𝑐 𝑟2 = 𝜌 𝑅
= 𝐴 cos(𝑄𝑅)

Time Xtal

𝜌 𝑡1, 𝑡2 = 𝑐∗ 𝑡1 𝑐 𝑡2 = 𝜌 𝑇
= 𝐴 cos(Ω𝑇)

SC SC:P-wave, d-wave Berezinskii odd f pairing

Δ𝛼𝛽 𝑟1𝑟2 = 𝑇𝑐𝛼 𝑟1 𝑐𝛽 𝑟2 =

Δ𝛼𝛽 𝑟 = 𝐴 sin(𝑄𝑟)

Δ𝛼𝛽 𝑡1𝑡2 = 𝑇𝑐𝛼 𝑡1 𝑐𝛽 𝑡2 =

Δ𝛼𝛽 𝑡 = 𝐴 sin(𝑄𝑡)

𝑅 = 𝑟1 + 𝑟2,
𝑟 = 𝑟1 − 𝑟2



Dynamic Ber orders 
<cc> 

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW

P-wave
D-wave 



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW

P-wave
D-wave 

SC time modulated = time Xtal



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW

P-wave
D-wave 

SC time modulated = time Xtal

Ber – first order, 
second order 



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW

P-wave
D-wave 

SC time modulated = time Xtal

Ber – first order, 
second order 

Hybrid states 



Dynamic Ber orders
<cc>

𝑐 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

“BCS”
FFLO
Pair DW

P-wave
D-wave 

SC time modulated = time Xtal

Ber – first order, 
second order 

Hybrid states 



What’s next?

Extension to PH states

Better understanding of dynamics

Topology of Ber – K theory



Dynamic Ber orders
<c*c>- ph channel

𝑐∗ 𝒓1, 𝑡1 𝑐 𝒓2, 𝑡2 = 𝐹 𝑇, 𝑅 𝑡, 𝑟

𝑹 = 𝒓1 + 𝒓2, 𝒓 = 𝒓1 − 𝒓2

𝑇 = 𝑡1 + 𝑡2, 𝑡 = 𝑡1 − 𝑡2

𝑹 𝒓

𝑇

𝑡

triv
SDW
CDW

Friedel osc

? SC time modulated = time Xtal

Ber – ?

Hybrid states 



Dynamic Ber orders Ber classification            
<c*c>- ph channel C*SPOT

𝑹 𝒓

𝑇

𝑡

triv
SDW
CDW

Friedel osc

? SC time modulated = time Xtal

Ber – ?

Hybrid states 

Pivovarov, Nayak, PRB64, 035107(2001)
S. Bandyopadhay, AB (2021)
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Conclusion

• Odd F SC- dynamic order

• 8 fold possible pairing states

• Examples – in Josephson junctions, in 
heterostructures and in Dirac materials

• Future directions: 

• Ber pairing in dynamics

• Ber in pairing of quark-gluon plasma

• Odd f density waves

• Topology of Ber



Happy Anniversary!


